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Abstract. We present a general model-independent and rephase-invariant formalism that cleanly relates
CP and CPT noninvariant observables to the fundamental parameters. Different types of CP and CPT
violations in the K°-, B%-, B%- and DP-systems are explicitly defined. Their importance for interpreting
experimental measurements of CP and CPT violations is emphasized. In particular, we show that the
time-dependent measurements allow one to extract a clean signature of CPT violation.

1 Introduction

For the discrete symmetries of nature, violations have been
observed for C, P and the combined CP symmetries[1—-
5]. In fact two types of CP violation have now been es-
tablished in the K-meson system. It remains an active
problem of research to observe CP asymmetries in heavier
mesons. In addition there is new interest in investigations
of properties of the CPT symmetry[6]. Up to now, there
are only bounds on CPT-violating parameters[7], which
are sensitive to the magnitude of amplitudes, but tests of
the relative phases have not yet been carried out.

In this article we present tests of CPT and CP, sep-
arately, and discuss which measurements distinguish be-
tween the various symmetry breaking terms. In addition,
we derive formulae which are manifestly invariant under
rephasing of the original mesonic states. The hope is to
call attention to several measurements which will be ac-
cessible to experiments in the future.

Our paper is organized as follows: In Sect. 2, we present
a complete set of parameters characterizing CP, T and
CPT nonconservation arising from the mass matrix, i.e.,
the so-called indirect CP-, T- and CPT-violation. A set
of direct CP-, T- and CPT-violating parameters originat-
ing from the decay amplitudes are defined in Sect. 3. In
Sect. 4, we defined all possible independent observables
and relate them directly to fundamental parameters which
are manifestly rephasing invariant and can be applied to
all meson decays. The various types of CP and CPT vio-
lation are classified, indicating how one can extract purely
CPT or CP violating effects. In Sect. 5, we investigate in
detail the time evolution of mesonic decays and introduce
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several time-dependent CP- and CPT-asymmetries which
allow one to measure separately the indirect CPT- and
CP-violating observables as well as direct CPT- and CP-
violating observables. In particular, we show how one can
extract a clean signature of CPT violation from asymme-
tries in neutral meson decays. In Sect. 6, we apply the
general formalism to the semileptonic and nonleptonic K-
meson decays and show how many rephasing invariant CP
and CPT observables can be extracted separately. Our
conclusions are presented in the last section.

2 CP- and CPT-violating parameters
in mass matrix

Let M be the neutral meson (which can be K° or D° or
B or_Bg) and M? its antiparticle. The evolution of M?°
and MO states is dictated by

d [ M° _ Hyy Hyo MO (1)
dt MO - H21 H22 MO

with H;; = M;;—il;;/2 the matrix elements, and M;;, I5;
being the dispersive and absorptive parts, respectively.
The eigenvalues of the Hamiltonian are

1—-A
Hy = Hy1 —/HioHo M )

14+ Ay
1-A
Hy = Hap + v/ Hi2H>, e ) (2)
1+ Ay
with
1/2
1— Ay 512\4 62
=14+ 5y /14+ M1 d
15 Ay + 9 M + n , an




280

_ Hyp — Hi
vV Hy2Hoy

We note already that dps is invariant under rephasing of
the states M° and M?9. The eigenfunctions of the Hamil-
tonian define the physical states. Following Bell and Stein-
berger[8], M® and M° mix with each other and form two
physical mass eigenstates

3)

Onm

My = ps|M® > +q5|M° >, My =pr|M® > —q|M° >
(4)
with normalization |ps|? + |gs|?> = |pr|® + |qz|?> = 1. The

coeficients are given by

gs ¢ 1+Am _

ps pl—Ay l+es
q_ [Ha _l—eu
D His l14eym

We have also introduced the paramters eg r a following
[9]. In the CPT conserving case they reduce to the known
parameter €;;. Thus we have a complete description of the
physical states in terms of the mass matrix, and the time
evolution is determined by the eigenvalues:

1765 qiL_qlfAJWi

lfeL
pr p 1+A4Aym

T 1+4¢€g

()

)

H1:M1—ZF1/2, HQZMQ—ZFQ/Q (6)

and is given simply by

My — e "My My — e RN, (7)

We discuss next several properties related to the sym-
metries of the system. The parameters dy; and |g/p| are
rephasing invariant and so are also other parameters de-
fined in terms of them. CPT invariance requires Mi; =
Moo and I'y; = I'o, and implies that §p; = 0. Thus the
difference between gg/ps and qr/pr represents a signal
of CPT violation. In other words, A, different from zero
indicates CPT violation.

CP invariance requires the dispersive and absorptive
parts of Hys and Hsp to be, respectively, equal and im-
plies ¢/p = 1. Also if T invariance holds, then indepen-
dently of CPT symmetry, the dispersive and absorptive
parts of Hio and Ho; must be equal up to a total relative
common phase, implying |¢/p| = 1. Therefore a Reey; dif-
ferent from zero describes CP and T nonconservation and
can be present even when CPT is conserved. Finally, two
parameters, €,; describing CP violation with T noncon-
servation and Ajy; characterizing CPT violation with CP
nonconservation, are related to eg and €y, via

em+ An

e — An _
L 1+emAym

(8)

T T emAn
and reduce to those given in [9] when neglecting the qua-
dratic term ep; Aps. This is a complete set of parameters
describing CP, T and CPT nonconservation which origi-
nates in the mass matrix (indirect). In the next section
we discuss additional parameters originating in the decay
amplitudes (direct) as well as from the mixing between
mass matrix and decay amplitudes (mixed-induced).
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3 CP- and CPT-violating parameters
in decay amplitudes

Let Hcys be the effective Hamiltonian which contains
CPT-even He(?} and CPT-odd Hé;} parts, i.e.,

+ —
Hegp = Hijp+ Hj

(9)

with

(CPT)HGHCPT)™ =+ H) (10)

Let f denote the final state of the decay and f its charge
conjugate state. The decay amplitudes of M° are defined
as

g=< f|Heff|M0 >= Z(AZ + Bi)eiéi
= D (14l + |Bile? e,
h=< flHeps|M® >= (C;+ Dy)e™

4
D (CHe™ 4 [yt e

2

with A; and C; being CPT-conserving amplitudes
< f|H§}r}|MO >EZAi€i6i , < f|H§;}|MO >= ZC’iei‘sf’
i i

(12)
and B; and D; being CPT-violating amplitudes

< fIHGHIMO >=3"Bie | < fIH )M >= " Diet".

(13)
Here we have used the notation of [10] for the amplitude
g, and have introduced a new amplitude h. The second
amplitude is absent when one considers only K-meson de-
cays and neglects possible violation of AS = AQ rule as
was the case in [10]. This is because the K-meson decays
obey AS = AQ rule via weak interactions of the stan-
dard model. The reason is simple since the strange quark
can only decay to the up quark. In the case of B-, Bs-
and D-meson systems both amplitudes g and h exist via
the W-boson exchange of weak interactions since both b-
quark and c-quark will have two different transitions due
to CKM quark mixings, i.e., b — ¢,u and ¢ — s,d (for ex-
plicit decay modes see the classification for the processes
given in Sect. 5). ¢! (I = A, B,C,D) are weak phases
and §; are strong phases from final state interactions. The
subscrpts ¢ = 1,2,--- denote various strong interacting
final states, such as the different isospin states. For CP
transformation, we adopt the phase convention
CPIM°>=|M°>, CPM°>=|M">, (14)
It is then not difficult to show that the decay amplitudes
of the charge conjugate meson MO have the following form

9= < flHeps|MO>=> (A7 — B})e'™

7
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D (Aile™ " — [Bilem e,

K3

=< f|Heff|M0 >— Z(C: _ D;k)ei&i

K2

S(ICHe™ T — [Dyle 7 )et

K3

>
Il

(15)

In analogy to the indirect CP- and CPT-violating pa-
rameters €g, 1, s from mass matrix, we define now param-
eters containing direct CP and CPT violations

o = Llhjg o _ 1-g/h.

M — 1+h/g> “M — 1+g/h’

n — 1-g/g = _ 1=h/h

€M = 155790 °M = Tin/h (16)

For final states which are CP conjugate, i.e., |f >= CP|f >
= |f >, the relations h = § and h = g hold, and thus
the four parameters are reduced to two independent ones:
ehy = €fp and &y = &Y.

The symmetry properties of the amplitudes are as fol-
lows. If CP is conserved, independently of CPT symmetry,
one has g/g = 1 and h/h = 1, which implies
Ai=47, C=C],

Bi=-Bf, D;=-D:

in other words:

pr=¢7 =0, FP=¢P=n/2,

namely, A; and C; are real, while B; and D; are imaginary.

Similarly T invariance exchanges the initial and final
states and implies, independently of CPT symmetry,

A, = A7, C;,=Cr,

B;=B’, D;=Dr

or
=9 =0, P=¢P=0,

namely, all the amplitudes must be real. Finally, conserva-
tion of CPT requires B; = 0 and D; = 0. We summarize
the results for the amplitudes in Table 1.

Reading across the first row of the table we have the
conditions for CP conservation, with T conservation (first
column) and without T-conservation (second column).
The relations B; = —B; and D; = —D; imply T-violation
in the presence of CP conservation. The second row of the
table gives the conditions when T is conserved, with CP
conservation (first column) or without CP conservation
(second column). This is a complete set of amplitude with
the C; and D; amplitudes introduced for the first time
here. As a consequence, two more CP- and CPT-violating
parameters £y and £y in (16) are needed.

In summary of this section, we have the following con-
clusions. Values for Reg’y, and Reg’), different from zero
describe CP nonconservation independently of T and CPT
symmetries. The presence of Bis and D}s indicate simul-
taneous nonconservation of: CPT and either of CP or T.
Zero €Y, and &, with nonzero Ime’y, and Imé&),; implies
T nonconservation. Finally, zero B; and D;, and com-
plex A; and C; signal CPT conservation with CP and T
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violations. Note that the latter case is more difficult to
establish experimentally since it requires the observation
of a relative phase between two amplitudes distinguished
with the help of specific quantum numbers. This was the
case with the €’/e parameter in K-meson decays.

4 Rephase invariant CP-
and CPT-violating observables

The e-type parameters defined in (5) and (16) can not be
related to physical observables since they are not rephas-
ing invariant. Let us introduce CP- and CPT-violating
observables by considering the ratio,

. :qi<f|Heff|M2>:qi@1_T§
T= g0 < flHeps| My > qr ps 1+717

(17)

which enters to the time evolution of the decay amplitudes
(see 27 and 28). The parameters gg 1, and pg, 1, were defined
in Sect. 2, and we also introduce the notation

rf = (as/ps)(h/g)

with a similar definition for 7. Note that the factor gs/qr,
is necessary for the normalization and also rephase invari-
ance, which has not been always included in the literature.
In the CPT-conserving case [11] this factor is equal to
unity. One can simply see from the definitions in (3)-(5)
that 7j; is rephasing invariant. The factor qspr/psqr =
(1+ Ap)?/(1 — App)? is rephase-invariant since Ajy; has
this property. The ratios r}%’s = (qr,s/pL.s)(h/g) are also
rephase-invariant. To see that, let us make a phase redef-
inition [M° >— €|M° >, then |M° >— e"|M° >,
His — 672i¢H12 and Hy; — 62i¢H21, as well as h —
e h and g — €%g, thus (¢s/ps,qr/pr) — €%
(gs/ps,qr/pr) and h/g — e~2%%h/g, which makes rjf’s =
(qr,s/pr,s)(h/g) manifestly rephase-invariant.

It is seen that the rephase-invariant quantities rf’s
and 7y are given by the product of complex parameters
arising from the mass mixing (¢r,s/pr.s) and from am-
plitudes (h/g). To separately define the rephase-invariant
CP- and CPT-violating observables originating from the
mass mixing and from the amplitudes, some algebra is
neccesary!, but it is not difficult to show that Ay can be
rewritten as

Aeg + ds’ +1 des-‘rs’

Ny = na + — 18
! 1 —7Na 2+aesae’ +aese’ ( )
where we have used the definitions

o — 1- Z%P _ 2Reeg _ Ge—aa

<14 g—z|2 1+les|2 1—acan’

w - 1-— Z%P _ 2Reer, _ ae +ana (19)

L 14 |;—§|2 1+erl? 1+acan

2A ap +iaay/1—a? — a3
TMETAz T 1— a2

! The algebra is described in [11]
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Table 1.
CPT-conservation CPT-Violation
CP-conservation A=A Ci=C} B, =—-B; D;,=-D; imply T-violation
T-conservation A=A C=C; B, =B D;,=D; imply CP-violation
CP & T conservation
with so that one could only keep the linear terms of the rephase
) invariant CPT- and CP-violating observables. With this
= 1—|q/p| _ _2Reem 7 (20) consideration, the observable 7y is simplified
L+ g/pl* 1+ fen/? .
o= 2ReAy L= 2ImAy iy = lac+ac +aa +aca + aan
1+ |Ap)? 14+ |Ap|?

The definitions of G¢, Geg4er and aeger are given in the
appendix. The reader should note that quantities without
a hat contain either only CP or only CPT nonconserv-
ing effects, and with a hat contain both CP- and CPT-
nonconserving effects.

As ae, Gy Geyer and G (for their definitions see ap-
pendix) are all rephase-invariant, so are also Gq4e and
Gege - Note that only three of them are independent since
(1—a2)(1—a2) = a2, + (1 + dce)?. Another rephase-
invariant direct CP and CPT noninvariant observable is
defined as

X 1-lg/gl® _ 2Rech;

a o Qe +asA +a/AA
C O 141g/glr 1+ ef,?

- (21)

1+al,+aan

where the definitions for ac , aca, a/y 5, aL and ann are
presented in the appendix. Analogously, one has
7:qis< ‘]?|Heff‘M2> _ 1

I = 4r < flHepfIMy > T—na

Qeg + Gzt + 1 Qegyer

>

+ - = 22
1A 24+ Qeglz + Qege (22)
and

G = L ID/BE 2Ry aer Faeataz5 o)

1+ |h/R2 14 [E R 14as4asa
One of the interesting cases occurs when the final states
are CP eigenstates, i.e., f¢F = f, and in this case h = g

(or C' = A and D = B). As a consequence, we find

a/e’ = deu’ a/el = ae”

1

T o, Fang Gere T 0erdy +aere,,]20)
1>

&e+e/ ==
where the explicit definitions for acqe/, Qe and Qe o
are again given in the appendix.

To see explicitly how many rephase invariant CPT and
CP observables may be separately measured from experi-
ments, let us consider the case for which the final states are
CP eigenstates and suppose that the violations are small

+i(aere +aly + Qete, , T ae+e/A)] (25)
where the definitions for all the rephase invariant quanti-
ties are given in the appendix. Those with index A are the
CPT-violating observables, the others are CP-violating
ones which have been discussed in [11].

The formalism so far involves many equations which
include CP and CPT violation effects either separately or
mixed together. It has several advantages in comparison
with other articles[12,10]:

1. The formalism is more general than the ones reported
in the literature and can be applied not only to the K-
meson decays but also all other heavier meson decays.

2. All observables are manifestly rephasing invariant and
well defined by directly relating to the hadronic mixing
matrix elements and decay amplitudes of mesons.

3. All possible independent observables are classified,
which enables one to separately measure different types
of CPT- and CP-violating observables and to extract
purely CPT or CP violation effects.

4. The formalism is more elegantly designed for extract-
ing various rephase invariant CPT- and CP- violating
observables from time-dependent measurements of me-
son decays, which will be discussed in detail in the next
section.

We have thus defined all possible rephase-invariant CP
and CPT noninvariant observables in terms of eight pa-
rameters related to CP and CPT breaking quantities aris-
ing either from mixing or phases of amplitude. The eight
parameters are classified as follows: €, is an indirect CP-
violating parameter and Ay, the indirect CPT-violating
parameters; the parameters €7, and &7, will be decom-
posed into four parameters, €, &, A; and A;, where
€y and €}, define direct CP-violating paramters, A; and
A; describe direct CPT-violating parameters. ¢, and &),
contain the ratio of the two decay amplitudes and can be
associated with direct CP and CPT violation, as well as
the interference between indirect and direct CP and CPT
violations. All the CP and CPT violations can be well
defined and in general classified into the following types:

1. purely indirect CP and CPT violations which are given
by the rephase-invariant CP-violating observable a.
and CPT-violating observables ax and a/4.
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2. purely direct CP and CPT violations which are charac-
terized by the rephase-invariant CP-violating observ-
ables a.» and ag» and CPT-violating observables a.a,
alps GAA, Gpp, Gz4, Ol 5, x4 and a; 5.

3. Mixed-induced CP and CPT violations which are de-
scribed by CP-violating observables acie and aeje
and CPT-violating observables Qe s Qetey 5 Qe
and Qe -

For the case that the final states are CP eigenstates, one
has a¢ = aev = Gz = agr. Thus, in this case a¢ and ag
also indicate purely direct CP and CPT violations. When
the final states are not CP eigenstates, d. and dg do not,
in general, provide a clear signal of direct CP violation al-
though they contain direct CP and CPT violations. Their
deviation from the values a.» = £1, 0 and @z = F1, 0 can
arise from different CKM angles, final state interactions,
or different hadronic form factors, but not necessarily from
CP and CPT violations.

5 Extraction of CP-
and CPT-violating observables

In order to measure the rephase-invariant observables de-
fined above, we consider the proper time evolution[13,14]
of the neutral mesons

2
‘Mo(t) > = Z é—ie—i(mi—il—‘i/2)t|Mi >
i=1

2
IMO(t) > = e Hmihi/2 ag; >

=1

(26)

with & = qr./(gspr+qrps) and & = qs/(qspr+qLps) for
a pure M0 state at t = 0 as well as & = pr,/(gspL +qLps)
and & = —ps/(qspr+qrps) for a pure MO state at t = 0.
Thus the decay amplitudes of M? and M at the time ¢
will be given by

< fIMy1>1—na

A(t) =< FIMO(t) > = (27)
Ds 2
% (e—iHlt +7¢]fe—iH2t) 7
- _ FIM;, >1—
Alt) =< i) > = =SM1 > 1 =14 (28)
gs 2
L+nAa imye . —ib t)
X | ———e " — e 2
(1 —na K

It follows now that the time-dependent decay rates are

2“1‘0,65&5/ +d€s€/
14+ aeg
xeFt{ {1 + gl + (aeg + aer)ReNA + Gegreo IMmna
2+aes&e’ + dese’

LMO(t) = f oA =(lg]* + 1)

—Rena + |774|2] cosh(AT't)
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N [1 + Geger — (Aeg + &E:)RenAA —begreImna ReT]A]
24 GegQer + Geger
(aés + &6/)(1 - RGUA) - deere’ImUA
2+ gl + Qeger
des+e/(1 - RGTIA)
2+ aesdef + &Ese’

x sinh(AI't) + [

+Rena — |77A|2} cos(Amt) + [

(Ges + e ) Imna
2+ Geg &e/ + &ese’

T sin(ame) | (29)

and
2 + aeS&g/ + &Esg/
1+ acg
Xeft{ {1 + acgle + (acg + Ger ) Rena + Geg e Imna
24 gl + Gege

LMO(t) = oA =(|g[* + [h[*)

—Rena — |77A|2} cosh(ATt)

N {1 +acz — (eg + dg:)RenAA — Gegrer Imma B RenA}
2 + aESag/ + aESE’
Ueg + Gz )(1 + Rena) + Gegre Imna
2 + aes &E/ + &635’
d€S+g/(1 + Re?’]A)
2 + CLESdg/ =+ &GSE/

x sinh(AI't) — [(

+Rena + |774|2} cos(Amt) — [

_ Mes +ae)Tmna ImnA] sin(Amt)}

30
2—|—a€5dg/ +d€sg/ ( )

where AI' = I5 — I'1 and Am = mo — m1. Here we have
omitted the integrals from the phase space. Similarly, one

can easily write down the decay rates I'(M°(t) — f) and

F(Mo(t) — f), and then the time-dependent CP and

CPT asymmetries are defined by the difference between
two decay rates. In addition, in studies of the time depen-
dence one can isolate each of four-terms. One can intro-
duce several asymmetries from the decay rates I'(M°(t) —
£, TOI()) = ) T(M°(t) — f) and T(AT'(t) = f) .
Obviously, the time dependences contains a lot of informa-
tion. Therefore studies of time evolution can eliminate the
various components (hamonics) in cos(Amt), sin(Amt),
cosh(AI't) and sinh(AI't). We now proceed to apply the
above general analysis to specific processes. As in the [11],
we may classify the processes into four scenarios:

) MO f (MO A ), M o [T A )
this is the case when f and f are not a common final
state of M© and M. Examples are: M% — M'~lv, M° —
M'*ly; B - D-Df, DK+, n~D}t, n~ K+, B° —
DtD;, DYK—, ntD;, n*K—; BY — D nt, D;Dt,
K-r+,K-D*, B. — Dfn~, D*D~, K*n—, K*D~.
This scenario also applies to charged meson decays.

i) M° — (f = f, fCF = f) « M, this is the
decay to a common final state which is CP eigenstate.
Such as B°(B%), D°(D%), K°(K®) — nt7—, #0729 ...
For the final states such as 7~ p™ and 77 p~ , although
each of them is not a CP eigenstate of B®(BY) or DY(D"),
one can always decompose them into CP eigenstates as
(mp)x = (m~pt £ 7t p~) with CP(mp)+ = +(wp)+. This
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reconstruction is meaningful since 7~ p™ and 7+ p~ have
the same weak phase as they contain the same quark con-
tent.

iii) MO — (f, f A fF) « MO, i.e., the final states
are common final states but are not charge conjugate
states. For example, B°(B%) — KgJ/v, BY(B?) — Kg¢
and D°(D%) — Kgn®, KgpP.

iv) M° — (f & f, fCF # f) « M' , ie., both
f and f are the common final states of M? and MO, but
they are not CP eigenstates. This is the most general case.
For example, B%(B°) — D~x*, #=D%; D= p*, p~D™;
BY(BY%) — D;K*, K-D}; D°(D°) - K—nt, K*n~.

In this paper, we will only elaborate on the first two
scenarios. In scenario i), the amplitudes h and h are zero,
thus ELG/ = 7&@/ = 1, d€+€/ =0= &E+g/ and dee/ =—-1=
dez . For this case, the time-dependent rates of (29) and
(30) will become very simple,

D(MO(t) = f) o AP = lglPe™" - {(1 + [na]*)
x cosh AI't — 2Rena sinh ATt + (1 — [na]?)
x cos Amt + Imna sin Amit}

rO() — f) o [AGP = (g™ - {(1 + [na]*)
x cosh AI't + 2Rena sinh ATt + (1 — [na]?)

x cos Amt — Imna sin Amit} (31)

It is not difficult to show that the other two time-depen-
dent decay rates which are not allowed at ¢t = 0, can hap-
pen at a later ¢, because the M develops an M° compo-
nent through mixing. They can be simply expressed as

S o ] 1—ae ) (1—aa)
(MO (¢ g T _ 4. es ,
100 = o S - (1522 ) G

e Tt (coshAT't — cos Amt)

2 =12 2

_ + gl . L+ac,\ (1—-aa)
(Ot I T 4 2 :
0100 = 1) x S ) (o) G2

e Tt (coshAT't — cos Amt) (32)

With these four decay rates, we can define three asym-
metries which have the following simple forms when ne-
glecting the quadratic and high order terms of the CP and

. . . ’
CPT violating parameters (i.e., a%, a3, aca%)

rM(t) = f) — TAL (1) > J)
rMO(t) — f) + (3L (1) = J)
—aasinh AT't 4+ a4 sin Amt
coshAI't + cosAmt
(I (t) = f) - T(MO()
r(A1°(t) — ) + D(MO(t)
~ qer + aza + 2a,
rM(t) = f) — IGL(t) > f)
rMO(t) — f) + (3L (1) - f)
__ cos Amt — ac cosh AI't — aasinh AI't + o/, sin Amt
~ cosh AI't — ac cos Amt — aa sinh AI't 4 @/, sin Amt

(33)

Acpycpr(t) =

>~ Qe+ Aep +

=) 3
Ny

)

cprcpr(t) =

(35)

cpropr(t) =
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Their exact expressions can be found in the appendix.
From the time-dependent measurements of the above
asymmetries, one shall be able to extract all observables:
Am, AL, ac, an, a4 and Ger.

From the above asymmetries, we easily arrive at the
following important observations:

1. As long as the experimental measurements show that
the asymmetry Acpiycpr(t) is not a constant and de-
pends on time, it provides a clean signature of indirect
CPT wiolation from mixings.

2. For the semileptonic decays MY — M "~lv and also
for the decay modes in which the final state interac-
tions are absent, one has acr =0, a4, =0, al, =0
and Gev = aza/(1 + aan), thus nonzero a.» will rep-
resent direct CPT violation from amplitudes. For this
case, we come to a strong conclusion that once the
asymmetry Acpycpr(t) is not zero, then CPT must
be violated.

3. By combining measurement of the above asymmetries
from semileptonic and nonleptonic decays, it allows
one, in principle, to separately measure the indirect
CP-violating observable a. and the direct CP-violating
observable a.» as well as the indirect CPT-violating
observables a and a/y, and the direct CPT-violating
observable aca.

We now discuss scenario ii) in which h = g and h = g,
thus a¢ = acr = ag = agr and aepe = Aeqper. When
neglecting the quadratic and high order terms and using
the relations and definitions for the rephase-invariant ob-
servables, the time-dependent asymmetry is simply given
by

Acpyopr(t)~—(ac+ ap)+e 2 (ac + aa + ao) (36)
x cos(Amt) + (a'y + Geyer ) sin(Amt)]

(The exact expression is given in the appendix.)

From the above time-dependent evolution Acpicpr(t)
one is able to extract three physical quantities: one of them
is the direct CP and CPT noninvariant observable a., and
the other two are the combinations of CP and CPT nonin-
variant observables (ac+aa) and (a’y +Geter). Combining
these measurements with scenario (i), in which the indi-
rect CP and CPT noninvariant observables a., aa and a’,
are expected to be determined, one will be able to extract
the mixed-induced CP and CPT noninvariant observable
Geter- Thus, studies of scenarios (i) and (ii) allow us to
separate the three types of CP and CPT violations.

6 CP and CPT violation in K-meson system

The formalism and analyses presented above are general
and can be used for all neutral meson systems. As a spe-
cific application, we are going to consider the K-meson
system. From semileptonic decays of K — 7~ + [T + y;
and K° — 7% + 1~ + 7, from (33) and (34), the time-
dependent measurements of the asymmetries lead to

D(KO(t) —n1ty) — DK (t) — 7+l 7)
D(KO(t) »7—1t0) + TE (t) — 7+~ 17)

K-
Ackropr(t)
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—aasinh AT't 4+ o/, sin Amgt
coshAI't + cosAmt
DE () =71t n) — DK () -7t~ 7)
I(E’ ()= 1tu) + T(KO(t) > 7+-1)
>~ aeA + 2a. (38)

~ AN+ ) (37)

K,
Achiopr(t)=

where the direct CP-violating parameter a. is expected to
be small as the final state interactions are electromagnetlc
It is then clear that non-zero asymmetry ACP+CPT(t) is
a clean signature of CPT violation. Its time evolution al-
lows us to extract direct CPT-violating observable a.a
and indirect CPT-violating observables aa and a’y. The

combination of the two asymmetries Aggﬁi_CPT(t) and

ALl +cpr(t) further helps us to extract indirect CP-viola-
ting observable a.

In the nonleptonic decays with final states being CP
eigenstates, the asymmetry Acpicpr(t) is given in terms
of the observables a. and G,y which concern both CP
and CPT violations. In general, it is hard to clearly sepa-
rate CP violation from CPT violation in the decay ampli-
tudes, but it would be of interest to look for possibilities
of establishing CPT violation arising from the decay am-
plitudes. For the K-meson system, there are two unique
decay modes K°(K°) — 77~ and 77" which are related
via isospin symmetry. Their time-dependent asymmetries
are given by

7r+77* _ R
A(CPJrC)F’T(t) ~ —(ac+an)+e A”[(a +aata (+ ))

x cos(Amgt) + (a'y + aiiﬁ )) sin(Amgt)] , (39)
A(CWPZC)PT(t) ~ —(ac+aa) + e M (ac +an+ CL(?O))
x cos(Amgt) + (a’y + £+2 ) sin(Amgt)] . (40)

It is seen that since the indirect CP-violating observable a,
and indirect CPT-violating observables aa and a4 can be
extracted from asymmetries in the semileptonic decays,
we then can extract the direct CP- and CPT-violating

A(+ ) A(OO) as well as mixed-induced CP-

and CPT—Vlolatlng observables &Ei;) and ai te 9, We now

discuss how to extract pure CPT or CP violation effects
by using isospin symmetry.
When neglecting high order terms, we have

observables a and a

e > Qe + a/AA +aca, de—i—e’ > Geter + Aete'y =+ Aete,
(41)
Note that their dependence on the final states are under-

stood. Using the isospin symmetry, we find

2 1
A = \/gao + \/g(m

1 2
400 =00 [

with _A("’_) and A0 the amplitudes for the decay modes
K°K®% — 7ntn~ and K°(K°) — 7% respectively,

where ag and as correspond to the isospin I =0 and [ =

(42)
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2 amplitudes. The same decomposition holds for B(+-)
and B0 amplitudes®. Considering the fact that w =
|[Aa|/|Ao| ~ 1/22 << 1 due to the AI = 1/2 rule, we
obtain

A(+— ~
E, )Nag + appn + A + agp,
~ (00 ~
ai/ ) ~ —2@6 QG‘IAA - 2015A + Qo Ny (43)
and
alt) ~al  +al, | Hlero o, +acye
ete! — Qete ete’ €tean etea
~(00) ~ ~ a
a6+6, ~ a5+€/ + CL - 2ae+5’ - 2a6+5’AA - 2a6+6'A (44)

with

B
al, _2ReA0—2Re< °),
Ao

Ay
Qe = 2Re[A

Ime A 1—|ex|? <A*>
0 K K B
a ., =2———Re +2————Im | —
e L+ [ex|? (AO) L+ [ex|? Ap

~ ImeK A; 1_‘€K|2
eter 24 —F=R - U
et [1+\6K|2 6<A0>+1+6K|2

(AQ — Ao)] 008(50 — 52)

A*
xIm ( )] cos(dp — d2) (45)
Ay
Ime Aj
0 , - _9 K OA*Q
a€+€AA 1+ |6K|2R AO

1- ‘€K| Ap 2)
—2—————TIm AP

1+ ‘6K|2 (AO
(AOAOA >

Im <j2 AFAS )]cos(60 —02)

Imeg
1+ lexl?
1— ek
1+ lex|?

&E+€/AA ~ — [

where we have neglected quadratic terms of w = |As/Ay|.
Note that the above results hold for any choice of phase
conventions. It is then obvious that

2.+ . 1.0
agn = gaif '+ 2 3 al” (46)
which shows that once the asymmetries a(+ ) and a(?o)

are measured, their combination given above will allow one
to extract a clean signature of CPT violation arising from
the decay amplitudes. Where the values of a(Jr and a OO)
can be simply extracted from the asymmetry Acpicpr (t)
at t = 0 in (39). It is noticed that when |Ag| << 1, i.e.,

|a€_~_6 | << |a?, .| (while Ay could remain at the order

of one) one has

,(00)

+
a8+ = §a£+e 4 + 3 e+e (47)
which indicates that by measuring &ii;) and a( )/ one

may extract the direct-indirect mixed-induced CP v1ola—
tion.

2 Note that normalization of A? is smaller by a factor v/2
than the usual one ocuuring in literature.
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7 Conclusions

In summary, we have developed the general model-inde-
pendent and rephase-invariant formalism for testing CP-
and CPT-noninvariant observables in meson decays. The
formalism presented in previous articles for CPT is based
on the density matrix approach[15]. In our article, we
present a complete time-dependent and rephase-invariant
formulation in terms of amplitudes. The rephase invari-
ance of all CP and CPT noninvariant observables is main-
tained throughout the calculation. All possible indepen-
dent observables have been classified systematically, which
is more general and complete than the published results
and can be used for all meson decays. This enables one
to separately measure different types of CPT- and CP-
violating observables and to neatly distinguish effects of
CPT from CP violation. The formalism which involves
many and elaborate definitions is directly related to funda-
mental parameters and can prove advantageous in estab-
lishing CPT-violating parameters from time-dependent
measurements of meson decays. Several time-dependent
CPT- and CP- asymmetries have been introduced, which
led to some interesting observations:

i). As long as measurements of the asymmetry
Acprcopr(t) in the neutral meson decays (classified in the
scenario i) in Sect. 5 ) is not a constant but depends on
time, one can conclude that CPT invariance is broken due
to mizing;

ii). For the semileptonic decays M° — M/_ll/, one
may come to a strong statement that once the asymme-
try Acp+copr(t) is not zero, then CPT must be violated.
Among the decays the semileptonic decays are the more
representative and perhaps the easiest to measure.

iii). A combined measurement of several time-depen-
dent CPT- and CP- asymmetries from semileptonic and
nonleptonic decays is necessary in order to isolate sepa-
rately the indirect and direct CPT- and CP-violating ef-
fects.

Extraction of a clean signature on CPT, CP and T vi-
olation will play an important role in testing the standard
model and local quantum field theory and in addition pro-
vides an interesting window for probing new physics. For
all these reasons, this topic attracts a lot of attention[16].
We hope that the general rephase-invariant formalism pre-
sented in this paper will be useful for further studies of
CPT, CP and T in the neutral meson systems produced
at B-factories, the @-factory[17] and colliders.
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Appendix

Here we collect some useful formuli. The definitions for the

rephase-invariant observables:

i 1—|h/gl? _ 2Reely
T 1+ [h/gr 1+ ey, ?
—4Im(gsh/psg)
(1+1lgs/ps|*)(1 +|h/g|?)
1 ) - X
= s [t VT - aE a1 )
4Re(gsh/psg)
(1+lgs/ps|*)(1 +|h/g|?)

1 ~ ’ VRPN
=———|awV1—0d%4 —a? +adrbeie

1—aecan

aes+e/ =

aege’ =

+( 1—a2A—a'A2—1)+a€aA:| ,

with

—4Im(gh/pg)
(I +la/pl*)(X +1[h/gl?)
2Imen (1 — € ]?) + 2Imeh, (1 — lem]?)
(L+ [em]?) (L + el ?) ’
G 4Re(qh/pg) _1
< (T + e/ + |h/gl?)
_ AImen Imehyy — 2(lem|? + € ?)
(L4 len )X + lef[?)

a€+€/ =

(A.2)

Rephase invariant observables for purely CP and CPT vi-
olation

o | Z; Aiewi ‘2 - | Zz A:eiéi |2
Qerr = |Zz Aiei‘si‘Q +|ZiA;_ﬂeiéi|2
_ 2 Zij AIA; sin(éi — 57)
S AP Y, Areidi2
2 Zi,j AZA;(AZ + A;) COS((S»; — 5J)

Az = |Z’L Ai@iéi |2 + ‘ ZZ Az€i6i|2 ’
a/ _ 21 Zi,j AZA; (AZ + A;) sin(&' — 53) (A 3)
eA — ‘ZiAiewi|2+|Zi A’?eiéi‘Q ’ .
o 2X, A A cos(di -6,
AA = |Zl Aiei‘s'i|2 4 | Zl A;‘ei‘si|2 ’
. 2 Z” A AG A AF sin(6; — 65)
apn =

S, AP 4 5, Arehi?

with A; = B;/A;. Here A; are rephase-invariant quantities and
characterize direct CPT violation in the decay amplitudes.

e, 2Imen (1 — |y |?) + 2Imeh; (1 — |enr]?)
e (1 +[ear*) (1 +[€, %)
02 / _ 2
S 2Imens (1 — |€a] )+21m6,A(1 lear|?) (A4
a (1 +[ear ) (1 + €4 %)
2mens (1~ [anl?) + 20mepa (1 — Jes )
(L lenmr[*)(1 + |€44]?)

a ’
e+eAA k]
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with
1— |y 2 Z” Re(A;Aj) cos(d; — ;)
L+lep 130 Avei 2 +] 30, Aretdi|?
L 230, ImlAA, (A - A)]sin(5 = 6)
L+ [y |22 Avei|2 ] 30, Areidi|? ’
1—|eaal? 7222.’], Re[A;A;(A; Aj)] cos(d; — d5)
L+ |exal? |20, Aie®i2 4| 30, Ajerd2 7
2Imey, 202, Im(AiA;) cos(di — &) (A5)
1+ ey ]? |22 Aieti2 +] 30, Aretdi|2 '
2Ime, 202, Re[Aid;(Ai — A)]sin(6i — &)
L+ [e4]? |22, Aiei|2 ] 30, Areidi|? 7
2Imen, 220, ImAA;(AiA;j)] cos(di — d;)
1+ exal? |22 A2 ] 30, Areidi|?

The exact expressions for the time-dependent CP and CPT
asymmetries in the scenario i):

0w —H-r@’®—§
r(MOW)—=N+r (M0 ()—F)

(A.6)

Acptcpr(t)=

ant+2AcpT(1)/[(1+]1412) cosh ATt+(1—[n 4 |2) cos Amt]
T 1+2a, Acpr (H)/[(1+Imal?) cosh ATt4(1—[n A l?) cos Amt]

L@’ —H-rO s —f

A Mo D, (A7)
L (6= )+ T(MO ()= )

’
cpyopr(®

N 2a. 2a¢ -
= 1
(a5”+1+a2 )/ ( +1+a2 agrr)

r0®) —H-r@’ @ —f)

A — ,
r(MO(t)— f)+T(M" ()= f)

(A.8)

7" _
cp+cpr(=

a 7!12
e

A cosh ATt+Ag pp(t)
(1—ae)(1-a'?)

a2 42 2
1-a2 —a ?4aca ]

g2 cos Amit—
(1—ac)(1-a'?)

7 7
1—aca? ac(1—a2 —a'2)+a'2
A coshAlt————A AT A

cos Amt+Ac pr(t)
/2 /2
(I1—ae)(1—a i) (1—ae)(1—a i)

with
a'Ar/1 —a? —a'?
ACPT:—aiA,QsinhAFt—&— A ,A2 A gin Amt |
1—aj} 1—ajf
(A.9)

and in the scenario ii):

(t) + Acpr(t) = acs (Ay() + Abpr(t)

(t) + Appr(t) — aeg (Am(t) + Acpr(t))
(A.10)

)

A,
Acpicopr(t) = A,

A (t) = (aeg + der) cos(Amt) + Gegye sin(Amt)  (A.11)
Ay (t) = (1 + aeger) cosh(ATE) + (1 4 Gger) sinh(ALE)
and
Acpr(t) = (2+ Gegler + acger) [“7{2
1—ajx
ax
1—a’?
!’
’ _ aa ~ apn .
ACPT(t) - _[?ﬁ(aes + ae’) + 1_701/30165-‘1-6/]

AFt)

X (cos Amt — e + sin Amt]

/
(e ~
+ [1 P (aes + a6’)

—%a

X (cos Amt — e~ 2T

— aiA,Z&ES_‘_e/} sin Amt , (A.12)
A

1—a
2 2
aA+aA

(24 Geglie + e o) AT A4
sttt ag)?

(cos Amt—cosh ATI't)
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Note that when CPT is conserved, Acpr(t) = Axpr = 0.
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